An ab initiopotential energy surface for the six-atom reactionCH3+H2→CH4+H was constructed, within C3v symmetry, by a modified Shepard interpolation method proposed recently by Collins et al. Selection of data points for the description of the potential energy surface was performed using both the Collins method and the dynamic reaction path (DRP) method. Although the DRP method is computationally more expensive, additional data points can be determined by just one simulation. Analyses of distributions of the data points, reaction probability, and errors in energy and energy gradients determined by the two different methods suggest a slight advantage for the DRP sampling in comparison with the iterative sampling.
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I. INTRODUCTION
The construction of an accurate potential energy surface ͑PES͒ is an essential step in the analysis of the dynamics of a chemical reaction. The reliability of dynamic simulations is very sensitive to the quality of the PES employed. The PES, as a function of nuclear coordinates, can be determined, in principle, by solving the electronic Schrödinger equation for fixed nuclear arrangements 1 at some number of grid points in the appropriate configuration space. However, computational limitations have commonly necessitated the use of model potential energy functions ͑containing several fitting param-eters͒ in molecular dynamics simulations. When the process includes a bond cleavage or bond formation, it is difficult to devise reliable potentials. As the number of atoms in the system of interest increases, a systematic determination of the PES becomes increasingly difficult, as does the subsequent process of fitting the resulting points to an analytic representation.
Recent developments in electronic structure theory, computational algorithms, and computer technology have made it possible to integrate molecular dynamics simulations into ab initio electronic structure codes. For example, the dynamic reaction path ͑DRP͒ method, [2] [3] [4] [5] [6] [7] [8] which was developed originally as an efficient method to locate the intrinsic reaction coordinate ͑IRC͒ 9-13 for elementary reactions, can be used to obtain a classical ''trajectory on-the-fly,'' without prior knowledge of the PES. The DRP method uses the energy gradient, obtained directly from electronic structure calculations, to determine atomic accelerations, velocities, and positions. Thus, this method explores the ab initio potential energy surface, although such ab initio trajectory calculations 14, 15 require considerably more computational expense than traditional trajectory calculations. 16 The DRP method has recently been used to extract the characteristics of dynamical processes for several reactions. [4] [5] [6] [7] [8] A promising method for incorporating ab initio potential energy surfaces into the dynamics of chemical reactions has recently been developed by Collins and co-workers, [17] [18] [19] [20] [21] [22] [23] [24] [25] and been applied to four-atom systems, including NHϩH 2 →NH 2 ϩH; 17 OHϩH 2 →H 2 OϩH; 18-20,22 C 2 H 2 ; 23 and C( 3 P)ϩH 3 ϩ ( 1 A 1 Ј). 24 In their method, which has recently been extended to six-atom species, 25 the PES is constructed by a modified Shepard interpolation 26, 27 in which the potential energy at a given configuration, X, is determined by using local Taylor expansions about N d known data points. At those data points, the energy and derivatives in terms of nuclear coordinates are calculated by ab initio methods in advance. The total potential energy at X is evaluated as the sum over all N d data points of their weighted Taylor series, where the weighting function becomes larger for data points closer to X. Methods for iteratively improving the PES using classical trajectory simulations have also been developed. 17, 21 With this interpolation methodology, several groups have attempted to develop more efficient methods to construct the PES. [28] [29] [30] For a given elementary reaction, there are usually some regions of configuration space that are more important than others. The most important region may be that within a vibrational amplitude of the minimum energy path ͑intrinsic reaction coordinate path, sometimes abbreviated as IRC͒; that is, the region of a minimum energy path which connects a reactant minimum, a transition state ͑TS͒, and a product minimum on the PES. In the Collins interpolation scheme, the initial PES is usually constructed in terms of data points distributed on the IRC 17,21 ͑referred to as the reaction path potential energy surface; RP-PES͒. Once the IRC is defined on the PES, the reaction path Hamiltonian 31 ͑RPH͒, which describes the motion along the IRC in terms of harmonic displacements in directions orthogonal to the reaction path, can be determined with a reasonable cost. 32 In addition to being a common starting point for the study of reaction dynamics, the RPH provides important insights regarding the dynamics of a process of interest. If some amount of nuclear symmetry is conserved along the reaction path, Collins et al. make use of their symmetry-invariant reaction path potentials. 33 Although the one-dimensional reaction path is extremely useful, the IRC has two geometrical weaknesses that can cause problems in dynamics calculations. These occur for sharply curved regions 5, 34, 35 and for unstable regions [36] [37] [38] [39] [40] on the reaction path. When a reaction path contains such regions, the significance of regions far from the IRC are expected to increase. It then becomes necessary to estimate the potential energy farther from the IRC than is ordinarily needed. Collins et al. employ classical trajectory calculations to select those data points which are far from the IRC but are important in dynamics; they are added to the set of original data points to improve the interpolated PES. 17, 21 In this paper, we apply the interpolation method of Collins et al. 17, 21 to the construction of the PES for the six-atom reaction, CH 3 ϩH 2 →CH 4 ϩH, with 12 internal degrees of freedom. This reaction, including the nature of the IRC, has been extensively studied. 10, 11, 34, [40] [41] [42] [43] [44] [45] The IRC conserves C 3v symmetry throughout, and there are four totally symmetric (A 1 ) coordinates in this C 3v subspace. Since the reaction coordinate couples only with the orthogonal totally symmetric vibrations along the reaction path, the totally symmetric configuration space may be particularly important. The energy gradient on the IRC in orthogonal nontotally symmetric directions is zero, and the energy variation in those directions relative to the IRC can be described by an even function. Thus, as a first step in developing a global potential energy surface, we construct the PES in the totally symmetric configuration space ͑referred to as the totally symmetric PES͒, i.e., that part of the PES that may be expressed in terms of four totally symmetric coordinates in C 3v symmetry. The DRP method is employed for the selection of the data points to represent the PES ͑DRP sampling͒. Through application of the interpolation scheme to larger molecular systems, we investigate the applicability and limitations of the method.
II. INTERPOLATION SCHEME
We first summarize the modified Shepard interpolation method of Collins et al. for the construction and improvement of the PES, 17, 21 with several additional modifications in the present study. In this interpolation scheme, the potential energy at some nuclear arrangement, X, can be expressed as the sum of contributions from several data points as
where X and R denote 3N Cartesian and 3NϪ6 internal coordinates, respectively, for an N atom system, W i (R) denotes a weight function for the ith data point, V i (X) is a Taylor expansion function about X (i) , the Cartesian coordinates for the ith data point, and N d is the number of data points. Note that Cartesian coordinates are used to calculate potential energy values, 46 while the weight function is based on internal coordinates. This modification of the original scheme is made, because the potential energy can be more easily calculated in terms of Cartesian coordinates in the present case, and the weight function should depend on only the molecular internal structure. For the Taylor expansion about data points, we employ the second order series as
where V (i) , g j (i) , and f jk (i) are the potential energy, the jth component of the gradient vector, and the jkth component of the Hessian matrix, respectively, calculated by ab initio electronic structure calculations at X (i) . The utility of higher order derivatives ͑third and fourth͒ was investigated by Collins et al., 19 and it was concluded that, without an efficient means for calculating analytic third ͑or fourth͒ derivatives, second order derivatives provide the most cost-effective means of constructing a global PES by interpolation. The weight function W i (R), which approaches 1 as R→R (i) and approaches 0 as ͉RϪR (i) ͉→ϱ, is given by
assures the normalization of the weight function ( ͚ iϭ1 N d W i (R)ϭ1). The parameter 2 p in Eq. ͑4͒ must be greater than the larger of 3NϪ6 and the order of the Taylor series expansion to guarantee convergence of the potential V MS (X). 18 The simplest PES for a given elementary reaction is the reaction path ͑RP͒-PES. Within the context of the interpolation scheme, the RP-PES can be constructed in terms of data points that are evenly spaced along the IRC. The utility of the RP-PES is based on the significance of the ͑static͒ reaction path. Since a chemical reaction is a dynamical process, it is important to include points in dynamically significant regions in the interpolation set. For this purpose, Collins et al. [17] [18] [19] [20] [21] devised the following procedures: First, the RP-PES is constructed in terms of data points on the IRC; then classical trajectory calculations are carried out on this PES. Weights are assigned for selected points on these classical trajectories. These weights are large in regions that are ͑1͒ sampled by many trajectories and ͑2͒ far from data points that are already included. The former condition indicates the dynamical significance of that nuclear arrangement. The following weight function satisfying these two conditions was introduced by Collins et al., 17, 21 
where R( j) denotes a set of 3NϪ6 internal coordinates at the jth selected point from a trajectory, N T is the number of selected points, and N d is the number of data points for interpolation. 47 The functional form of w k (R) is given in Eq. ͑4͒. The point giving the maximum weight is added to the group of data points. Then, the contribution from this new point moves from the numerator to the denominator in Eq. ͑5͒, and the weights in Eq. ͑5͒ are recalculated for the remaining trajectory points that have been selected. This selection of data points is repeated until n T new data points are chosen (n T is a parameter͒. Finally, ab initio electronic structure calculations are performed to determine the energy, energy gradient, and Hessian matrix at these new data points, resulting in an improved interpolated PES. Classical trajectory calculations are again carried out on this revised PES, then n T additional points are selected again according to Eq. ͑5͒, and implemented to a group of data points. The procedure described above for improving the PES is continued until one or more physical quantities that are determined by the PES ͑e.g., the reaction probability or errors in the potential energy or energy derivatives͒ have converged. The reaction probability can be calculated as the fraction of trajectories that reach the product side. The error in the PES itself can be estimated by the averaged deviations of the energy and energy gradient at several selected reference points,
where V MS and V ab initio denote the potential energy at X i (ith reference point͒ estimated by the ͑modified Shepard͒ interpolation method and the ab initio electronic structure calculation, respectively; G MS and G ab initio are the corresponding magnitudes of the energy gradient at X i , and M is the total number of reference points used for the error analysis. An alternative method is proposed in this work for the selection of dynamically important points to be used for the interpolation process. The original Collins method 17,21 improves the PES iteratively based on classical trajectories, which run on the updated interpolated PES. In the initial stages, the trajectories will contain some level of inaccuracy; as the PES converges to the correct result, the trajectories also converge to the correct ones. This approach may be referred to as iterative sampling. As an alternative for obtaining a correct ab initio trajectory, one can use the dynamic reaction path ͑DRP͒ method, [2] [3] [4] [5] [6] [7] [8] in which a trajectory is integrated according to Newton's equation of motion by using the potential energy and energy gradient calculated directly by ab initio electronic structure methods. In this method, the only inherent approximation is the computational level of ab initio theory employed. Of course, the tradeoff is the expense of a directly calculated ab initio trajectory which limits the number of trajectories that one can practically calculate. The DRP method can be used to obtain correct reference values for physical quantities ͑e.g., the reaction probability; the trace of a trajectory͒ to check the convergence of the interpolated PES. This DRP method can be used to directly determine dynamically important points with just one trial ͑i.e., DRP sampling͒. In the present study, we carry out DRP sampling for the selection of the data points, and compare the PES obtained in this manner with that obtained by iterative sampling.
III. REACTION SYSTEM: CH 3 ؉H 2˜C H 4 ؉H
The modified Shepard interpolation method 17,21 is applied to the six-atom reaction, CH 3 ϩH 2 →CH 4 ϩH. As described in the Introduction, this IRC retains C 3v symmetry throughout, thus the totally symmetric PES for this reaction can be described in terms of four totally symmetric coordinates. 34 In the present study, this four-dimensional totally symmetric PES is constructed as the first step in building the entire 12-dimensional PES ͑the totally symmetric PES may be the most important region for the reaction dy-namics͒. Note that a classical trajectory also retains the spatial symmetry determined by the initial conditions ͑i.e., atomic positions and velocities͒. Figure 1 shows the four totally symmetric coordinates, R 1 -R 4 , employed in the present study. The positions of H 3 , H 4 , and H 5 change so that the system retains C 3v symmetry, thus R 2 and R 4 each represent three equivalent atomic distances in C 3v symmetry. Then, molecular structures in the C 3v subspace can be expressed by R 1 -R 4 . These internal coordinates are used in the weight function in Eq. ͑4͒ for the interpolation. Since this method requires a large number of ab initio electronic structure calculations, and the main intent of this work is to demonstrate the utility of the method, the unrestricted Hartree-Fock ͑UHF͒ method is employed with the 6-31G(d,p) basis set 48 using the GAMESS program. 49 Figure 2 shows variations in ͑a͒ energy and ͑b͒ geometrical parameters along the IRC. The activation energy for this reaction is estimated as 21.4 kcal/mol, and the energy of products, CH 4 ϩH, is calculated as Ϫ2.4 kcal/mol relative to that of reactants, CH 3 ϩH 2 . Figure 2͑b͒ indicates that this reaction can be characterized by changes in R 1 (C¯H 1 ) and R 3 (H 1¯H2 ). R 2 remains nearly constant ͑ϳ1.08 Å͒ throughout, while changes in R 4 reflect those in R 1 , so R 4 can be expressed by a linear function of R 1 along the IRC. In the following, we discuss the quality of the PES based on two-dimensional sections described in terms of R 1 and R 3 , with R 2 fixed at 1.08 Å. R 4 is determined by the aforementioned linear function of R 1 . Figure 3 shows the ab initio PES in the vicinity of the transition state, constructed in terms of ab initio ͑UHF͒ energies at 400 grid points. The energy difference between the contour lines is 5 and the maximum contour is set to 40 kcal/mol. This ab initio PES will be used as a reference to check the quality of the interpolated PES.
To integrate a trajectory, we employ the algorithm proposed by Stewart et al. for the DRP method. 2 The time step is fixed at 0.1 fs. In the initial stages of trajectory calculations, quantization of vibrational motions is taken into account as in quasiclassical trajectory simulations. Within C 3v subspace, there are three internal totally symmetric normal vibrational modes in the reactants (CH 3 ϩH 2 ): CH 3 stretching ͑3260.0͒; CH 3 umbrella ͑339.6͒; HH stretching ͑4635.1 cm Ϫ1 ͒. The remaining totally symmetric mode corresponds to the collisional motion of CH 3 and H 2 in which C 3v symmetry is retained. Zero-point energy is assigned to the three internal vibrational modes, and 35 kcal/mol is provided to the collisional mode. The latter is based on preliminary calculations and the observation that too high a collision energy leads to a reaction probability of 100%, while too low an energy leads to no reaction. Within the harmonic approximation, the ith normal coordinate Q i and its conjugate momentum P i in the vibrational ground states are
where i and i denote the vibrational frequency and force constant of the ith normal mode, respectively, i denotes a phase angle, and h is Planck's constant. Four phase angles, 0, /2, , 3/2, are considered. This leads to 64 (ϭ4 3 ) initial conditions for the trajectory calculations. Trajectories are initiated in the region of R 1 ϳ2.5 Å. To provide a range of initial conditions, the initial value of R 1 is taken as
͑10͒
where n refers to 1 of the 64 trajectories. The trajectory calculation is continued for 60 fs or until H 2 is scattered from CH 3 ; that is, if R 1 decreases from ϳ2.5 to below 1.6 Å and then back to distances that are larger than 1.6 Å. The criterion for reaction to CH 4 ϩH is taken to be R 3 ϭ1.5 Å. The unnormalized weight function w i (R) in Eq. ͑4͒ includes a parameter, p, which must be greater than half the value of the larger of ͑the number of internal degrees of freedom/the order of the Taylor series expansion͒. 18 As p is increased, the weight for the closest point in a normalized weight function ͓Eq. ͑3͔͒ increases since R j ϪR j (i) Ͻ1. With a sufficiently large value of p, one obtains a smoothly varying PES. An extensive preliminary survey suggested that pу4. So, p is set to 4 in this study. In order to choose new data points and conserve CPU time, the weight given in Eq. ͑5͒ is assigned for one-seventh of all the points on trajectories. In the iterative sampling, the optimal number of data points added in one cycle (n T ) was determined to be 30 through several trial and error calculations. By repeating this process ten times, 300 data points are added into the group of data points for the interpolation.
IV. RESULTS AND DISCUSSION
In the interpolation scheme for the PES, the initial PES, i.e., the reaction path PES ͑RP-PES͒ constructed from data points evenly scattered along the IRC, may be the most primitive. With this RP-PES, the energy for a given point can be calculated by the weighted average of the second order Taylor series about the respective data points as indicated by Eqs. ͑1͒ and ͑2͒. In the present study, 39 points on the IRC are chosen as data points: 1 corresponding to the TS, 19 points from the reactant side, and 19 points from the product side. Figure 4 shows ͑a͒ positions of these data points along the IRC and ͑b͒ the calculated RP-PES in the (R 1 ,R 3 ) plane ͑using interpolated energies at 3600 grid points͒. In this figure, R 2 is fixed at 1.08 Å while R 4 is determined as a linear function of R 1 ͑see Sec. III͒. One can see from Fig. 4͑a͒ that no significant molecular deformation ͑abstraction of H͒ occurs until ͑approaching from the right in the figure͒ R 1 decreases to ϳ1.6 Å. The structural transformation continues until R 3 exceeds about 1.3 Å ͓see also Fig.  2͑a͔͒ . In Fig. 4͑b͒ , the focus is on the PES around this important region close to the transition state. The energy differences between the contour lines is the same as that in Fig. 3 . Since the harmonic approximation has been used for the directions orthogonal to the reaction path, the energy variation on both sides of the IRC looks symmetric relative to the IRC, in contrast with the PES in Fig. 3 .
The energy variation in bond stretching directions is more appropriately expressed by a Morse function than by a quadratic ͑harmonic͒ function. In the Morse function, the energy increase along the positive coordinate ͑toward bond dissociation͒ is softened, while it becomes harder along the negative coordinate. So, for a given energy, the system is more easily displaced ͑i.e., is more anharmonic͒ in the positive than in the negative direction. The reaction system in the present study has four totally symmetric coordinates, each of which may be classified as a bondingtype coordinate. Since the reaction path is characterized explicitly by two of these coordinates, R 1 and R 3 , as illustrated in Fig. 2, 28 data points were added to the positive sections of R 1 (ϭ1.3 Å). and R 3 (ϭ0.9 Å) relative to the IRC in preparing the initial PES ͓indicated by the black circles in Fig. 5͑a͔͒ . These additional data points are approximately on the reaction plane determined by the reaction path tangent and curvature vec-tors, which are frequently important in dynamics. 5, 34, 35 Figure 5 shows ͑a͒ positions of the initial data points ͑white circles for those on the IRC and black circles for those in the concave side of the IRC; 67 in total͒ and ͑b͒ the interpolated PES calculated with these data points. As illustrated in Fig.  5͑b͒ , the energy on the concave side of the IRC is lowered considerably in comparison with that in Fig. 4͑b͒ ͑RP-PES͒. In the following, the PES in Fig. 5͑b͒ is employed as the initial PES to be improved. Figure 6 shows ͑a͒ traces of 64 trajectories calculated on the initial PES with 67 data points ͑white circles͒, and ͑b͒ traces of 64 DRP trajectories calculated with the same initial conditions. Note that the simulations presented here are actually carried out on a four-dimensional PES, the four dimensions corresponding to the four totally symmetric internal coordinates. The DRP simulations are exact on the UHF/6-31G(d, p) PES. This computational level is also employed for the ab initio molecular orbital ͑MO͒ energies and derivatives used here to construct the interpolated PES. Thus, the DRP simulations can be used as a reference to test the quality of the approximate PES employed. At first glance, these two sets of trajectories exhibit similar behavior, but there are some interesting differences: DRP trajectories can deviate more extensively relative to the IRC in the product ͑left͒ side. In addition, two trajectories return across the concave side of the TS toward the reactant side in Fig. 6͑a͒ , while only one trajectory returns in this manner in Fig. 6͑b͒ . Overall, more trajectories seem to return to the reactant side in Fig. 6͑b͒ , judging from the density difference of trajectories. This last point can be verified by estimating the reaction probability in the respective cases: 88% in Fig. 6͑a͒ , 75% in Fig. 6͑b͒ . 50 These differences may be due to differences in geometric features of the PES near the TS region.
Next, we proceed to improved potential energy surfaces, in which the additional data points selected either by iterative sampling or by DRP sampling have been included. Using iterative sampling, 30 data points are added by one simulation ͑64 trajectory calculations on a given PES͒; this procedure is repeated ten times, resulting in a total of 300 additional data points. So, in this sampling, the PES is improved step by step through iterative trajectory calculations. On the other hand, in the DRP sampling, 300 data points for the interpolation can be added through just one simulation, since the DRP trajectory runs on the exact PES for this level of theory ͑of course, both sets of calculations are limited by the approximations in the ab initio MO method employed͒. The obvious disadvantage of the DRP sampling is the computational cost.
The selection of data points was performed using the weight function in Eq. ͑5͒ for both methods. Figure 7 shows distributions of initial ͑white circle͒ and additional ͑black circle͒ data points selected by ͑a͒ the iterative sampling and ͑b͒ the DRP sampling. For both methods, many data points are observed on the convex side of the IRC around the TS. This is due to the centrifugal force acting on the reaction system in that region due to the curvature of the IRC. Com-parison of Figs. 7͑a͒ and 7͑b͒ shows that the data points are distributed more or less uniformly along the IRC in the iterative sampling procedure, while the data points accumulate more on the reactant ͑right͒ side in the DRP sampling. Those distributions reflect the distributions of trajectories shown in Fig. 6 . Figure 8 shows the improved PES with the additional data points selected by ͑a͒ the iterative sampling and ͑b͒ the DRP sampling, corresponding to Figs. 7͑a͒ and 7͑b͒, respectively. In comparison with the ab initio PES in Fig. 3 , they have somewhat ragged regions; the additional data points on the convex side of the IRC lower the potential energy around (R 1 ,R 3 )ϭ(1.0,1.0). Figures 9͑a͒ and 9͑b͒ show traces of 64 trajectories calculated on the improved PES with 367 data points, corresponding to Figs. 8͑a͒ and 8͑b͒, respectively. In comparison with Fig. 6͑a͒ , they seem to approach more correct behavior, especially on the product side.
To check the quality of the PES quantitatively, the reaction probability and errors in the potential energy ͓Eq. ͑6͔͒ and energy gradient ͓Eq. ͑7͔͒ were calculated using the two potential energy surfaces. To determine how the interpolated PES converges as additional data points are added, the reaction probability and errors for the DRP-sampling-PES were calculated at every 20th additional data point. Figure 10 shows variations in the reaction probability for the iterative sampling and the DRP sampling. The dotted line corresponds to the exact value ͑75%͒ for the UHF/6-31G(d, p) PES estimated by DRP simulations. Due to the small number of additional data points, the reaction probability decreases rapidly from 88% to about 70% in both sampling methods. They show fluctuations around 70% for a while, then converge near 75% with more than 200 data points. As reference points for estimating errors in the energy and gradient from ab initio values ͓Eqs. ͑6͒ and ͑7͔͒, 448 data points were selected from points on the DRP trajectories at random. Figure 11 shows changes in these errors in ͑a͒ energy and ͑b͒ energy gradient against the number of additional data points. Both figures indicate a slight advantage of the DRP sampling in comparison with the iterative sampling. The errors decrease rapidly for both methods after adding the first group of data points, then undergo relatively small changes as the number of data points is increased further.
V. CONCLUSION
In the present paper, we have applied the modified Shepard interpolation method proposed by Collins et al. to the construction of the PES in a polyatomic reaction including six atoms, CH 3 ϩH 2 →CH 4 ϩH. As a starting point for an eventual study of the entire PES, the focus is given to the totally symmetric ͑four-dimensional͒ PES in C 3v symmetry, which is conserved along the IRC. The weight function is described in terms of four totally symmetric ͑internal͒ coordinates, while the potential energy is calculated based on a second order Taylor series in Cartesian coordinates. In this methodology, starting from the reaction path PES, the PES is improved by adding data points chosen using both the DRP sampling method, as well as the iterative method developed by Collins and co-workers. Although the DRP method requires a greater computational cost, the additional data points can be determined by just one simulation. Comparison of the data points determined by the two different methods suggests that, although their convergence of the reaction probability is similar to each other, the distributions of data points and the convergence in errors of energy and energy gradient seem to be a little better in the DRP sampling than in the iterative sampling. Since the DRP method is generally applicable to molecular systems of any size, the present study suggests that the DRP method should be an effective partner to the interpolation method for the construction of potential energy surfaces.
